. Let P 1 denote the prime ideal of O E lying over the ramified prime p 1 , say.
Assume now that 2-Sylow K 2 O E is elementary abelian. If the class of P 1 were a square in C(E), then the class of p 1 would be in the kernel of both the homomorphisms χ 1 and χ 2 defined in [4, 2.5 and 3.1] and hence in the kernel of χ = χ 1 χ 2 (see [4, 3.2] ). However by (2) , the class of
does not lie in ker χ. Thus, the class of P 1 , whose square is 1, is a nonsquare in C(E). So, 2-Sylow C(E) is generated by the class of P 1 and 4-rk C(E) = 0.
We have shown that 2-Sylow C(E) is elementary abelian. This implies that (p 1 /p 2 ) = −1 (compare [2, 19.6] ), and in that case the norm of the fundamental unit of E is −1 (see [2, 19.9] ). In other words, we concluded that the 2-Sylow subgroup of the narrow ideal class group of E is elementary abelian. In terms of the graph Γ (E) of E (see [5] In order to finish the proof of Theorem 1 it now suffices to prove that under the assumption of 2-Sylow C(E) being elementary abelian and N ε = −1 for the fundamental unit of ε of E, we have: We will now use reciprocity of Hilbert symbols to relate the last condition to the positive definite form x 2 + 32y
2
. Let D 1 be one of the two dyadic primes of E. For a totally positive S-unit π of E, all we have to characterize is
where ε is the fundamental unit of E. We are going to characterize
We want to characterize this in terms of the quadratic field Q( √ −1). Since ε is of norm −1, there exists a δ in Q( √ −1) such that δ and ε ∈ E have the same square class in E(
. We ask: when is
With D = (1 + i), the dyadic prime in Q( √ −1), this amounts to: when is
Let P j and P j be the primes of Q( √ −1) lying over p j , j = 1, 2. Since ord P j (δ)+ ord P j (δ) ≡ 1 mod 2, we may assume that ord P j (δ) ≡ 1 mod 2, j = 1, 2. Now we can make the essential step: we have
with the Hilbert symbols on the right hand side given by the 4-th power symbols
and, by [1] , the symbol 2 . In view of (4), this completes the proof of Theorem 1.
We have given the proof of Theorem 1 via (3) and (5) in order to suggest the following generalizations. Since the analogy with Theorem 1 is so beautiful we are going to state without proof: 
IV. Conjectures
Among the three primes 17, 41, and 73, the prime 73 = 3 . Hence, by Theorem 1 : In terms of the homomorphism χ 2 one concludes: The characterization (9) does make it possible to restate result (8) in definite terms. The prime p 2 splits in K and p 2 is a norm from K over Q. We write p 2 O K = P 2 P 2 ; the class of P 2 is a square in the ideal class group C(K). The prime P 2 of K splits completely in N over K if and only if its class is a fourth power in C(K). Since the 2-Sylow subgroup of C(K) is cyclic we conclude that either cl(P 2 )
VI. Proof of Theorem 2. We consider L = Q(
is the element of order 2 in C(K).
Thus either P Thus, (8) and (10) combined yield the characterization stated in Theorem 2.
We note that Theorem 2 has been given in definite terms, since there is an effective algorithm to determine the class number of K. If the class number of K is equal to 4, so h(K)/4 = 1, then we can drop the restriction b ≡ 0 mod p 2 in the statement of Theorem 2. For example, for p 1 = 7 we obtain: 
